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We present an algorithm for constructing stable local bases for the spaces &%(4)
of multivariate polynomial splines of smoothness » > 1 and degree d>r2"+1 on an
arbitrary triangulation 4 of a bounded polyhedral domain Q = R", n>2. © 2001

Academic Press

1. INTRODUCTION

Let 4 be a triangulation of a bounded polyhedral domain Q < R”, i.e., 4
is a finite set of non-degenerate n-simplices such that

(1) Q=Urca T
(2) the interiors of the simplices in 4 are pairwise disjoint; and

(3) each facet of a simplex T e A4 either lies on the boundary of Q or
is a common face of exactly two simplices in 4.

Given 1 <r<d, we consider the spline space
F(A):={s€ C"(Q): 5|, eIl for all n-simplices T'e 4},

where 17 is the linear space of all n-variate polynomials of total degree at
most d. It is well-known that dim 7%= ("} 9).

The application of splines in numerical computations requires efficient
algorithms for constructing locally supported bases for the space .#/;(4) or
its subspaces (such as finite element spaces). Moreover, if a local basis

{S15 cor S} for F7(4) is in addition stable, i.e., for all a = (ay, .., a,,) € R™,

K, |l < <K ol .
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then a nested sequence of spaces
LS4 S (dy)c - S (4,) S -, (L.1)

may be used for designing multilevel methods of approximation on a
bounded domain Q = R”, see e.g. [ 27] and references therein. In particular,
the sequence (1.1) constitutes a multiresolution analysis on Q if the maximal
diameter of the triangles in 4, tends to zero as ¢ — oo, and if the constants
0< K, K, < o are independent of g. Note that the bases for the full space
S%(A) are particularly interesting since & 7)(4,) =S (4, 1) if 4, is a
refinement of 4,. (This is not the case for the finite element subspaces of
S"(4) when r>1; see [ 14, 25, 27].)

The famous B-splines constitute a stable locally supported basis for the
space %" (4) in the one-dimensional case n=1 for all d>r+ 1. Moreover,
the dual basis is also local and therefore provides a quasi-interpolant pos-
sessing optimal approximation order. There are well known constructions
of local bases for ¥%,(4) in the bivariate case n =2 for all d>3r+2, see
[1, 21, 22, 26]. Stable local bases were constructed in [7, 23] for some
superspline subspaces, and in [ 17, 19] for the full bivariate spline spaces
S"(4), d=3r+2. In the trivariate case n =3 local bases are known for all
d=8r+1 [2]. It was conjected in [2] that in general locally supported
bases for &7 (4) exist if d=r(2"—1) +n.

The main objective of this paper is to construct stable locally supported
bases for #7(4) and its superspline subspaces for all n>2 and r>1
provided d = r2" + 1.

We make use of the nodal approach originated in the finite element
method, see e.g. [12], and extended to the problems of spline spaces on
general triangulations in [26] and more recently in [8-11, 15, 16, 17]. We
show that in the multivariate case the nodal smoothness conditions can be
better localized than usual Bernstein—Bézier smoothness conditions [ 5, 20].
The key point for our analysis is that certain matrices associated with the
smoothness conditions have a block diagonal structure, which in the same
time makes it possible to handle them efficiently in numerical computa-
tions, see Sections 5 and 6. In particular, the dimension of any given
spline space 7, (4), d=>r2"+1, can be efficiently computed by a formula
obtained in Section 5.

The paper is organized as follows. In Section 2 we give some definitions
and preliminary lemmas. The nodal functionals that we use are described
in Section 3. Section 4 is devoted to a detailed analysis of nodal smoothness
conditions. In Section 5 we construct local bases for ¥7,(4), d=>r2"+1. In
Section 6 we show how to achieve stability of these bases. Finally, in
Section 7 we extend the results to the superspline subspaces of .%7,(4).
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2. PRELIMINARIES

2.1. Bases and Minimal Determining Sets

It is obvious that the linear space &7(4) has finite dimension. In this
subsection we consider an abstract finite-dimensional linear space &,
although in all our applications we have & < &', (4).

Let &* denote, as usual, the dual space of linear functionals on %.
Given a basis {s;},., for &, its dual basis is a basis {,},;., for &* such
that

A8 =0, ; all i, jeld. (2.1)

It is easy to see that the dual basis {A;};., is uniquely determined by
{5} ;s and vice versa, a basis {4} ., for #* uniquely determines a basis
{5} cs for & satisfying (2.1).

In order to construct a basis {s;} ., for a spline space .% it is often useful
to find first a basis {4;};., for /* and then determine {s;} ., from the
duality condition (2.1). Usually, the required basis for .&* can be selected
by an algorithm from a larger set 4 = %* that spans ¥*. A common
example of such a set A is the set of linear functionals picking off a coef-
ficient of the Bernstein—Bézier representation of splines se€.%, see e.g. [2].
Keeping in mind the tradition upheld in the literature on bivariate and
multivariate splines, we will use the following terminology.

DerFINITION 2.1.  Any finite spanning set for &* is called a determining
set for . Any basis for &* is called a minimal determining set for & .

A standard argument in linear algebra shows that a set A <.%* is a
determining set for .% if and only if s =0 for all A€ A implies s =0 when-
ever s€.¥. Moreover, a determining set A is a minimal determining set for
& if and only if no proper subset of A is a determining set. Since every
linear functional on % is well-defined on any subspace .Z of .7, it is easy
to see that a determining set for .% is also a determining set for 7.

Suppose 4 is a determining set for .&. If 4 is not a minimal determining
set for %, then A is linearly dependent. It is particularly useful to know a
complete system of linear relations for A.

DEFINITION 2.2. Let A={1;},.,=%* be a determining set for 7.
Suppose that the functionals 4; satisfy linear conditions

¢; 4;=0, el (2.2)
Z L J%]

jeJ
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where ¢, ; are some real coefficients. We say that (2.2) is a complete system
of linear relations for A over & if for any a = (a;);.;, with a; € R, j€ J, such
that

Y. ¢ a;=0, iel, (2.3)

jeJ
there exists an element s €% such that 4;s =a, for all je J.

Note that the element s€.% as above is necessarily unique. Indeed, if
there are s,, 5, €. such that 4,5, = 4,5, =q; for all je J, then 4,(s; —s,) =0,
j€J, which implies s, =s, since 4 is a determining set for .

Let C:=(c¢; ;)icr jes Then (2.3) means that the vector a lies in the null
space N(C):={a: Ca”=0} of the matrix C. Thus, there is a 1-1 corre-
spondence between elements s € ¥ and vectors a e N(C), where a = (a;); ;,
a;= Z;s. In particular, the dimension of .¥ can be computed as follows.

Lemma 2.3. We have
dim ¥ =dim N(C)= # A —rank C. (2.4)

Moreover, given a determining set A for % and a complete system of
linear relations for A4 over % with matrix C, it is straightforward to
construct a basis for .; see also [6].

ALGORITHM 2.4. Suppose 4= {A;};., =S * is a determining set for .7,
and (2.2) is a complete system of linear relations for 4 over .%. Let
a™ =(at);_;, k=1, .., m, form a basis for the null space N(C) of C. For
each k=1, .., m, construct the unique element 3§, € .7 satisfying 4,5, = a}"]
for all jeJ. Then {5, .., §,,} is a basis for .&.

It is not difficult to determine corresponding minimal determining set,
ie., the basis {4, .., 4,,} for ¥* dual to {5, .., 35,}. Let

A = [ajl;k]]jeJ,k:I,.“,m'

Since the columns a1 of this matrix are linearly independent, A has full
column rank. Hence, there exists a left inverse of 4, i.e., a matrix

B= [bk,j]k=l,..., m, jeJ

satisfying B4 =1,,, where I,, is the m xm identity matrix. Note that B is
not unique in general.
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LEMMA 2.5.  The dual basis {7, .., 4} can be computed by

Ik: Z bk,j)vj, k=1,...m

jeJ

Proof. 1Tt is straightforward to check that the duality condition (2.1) is
satisfied. |

2.2. Geometry of a Triangulation in R"

Recall that an /-simplex © (0 </ <n) is the convex hull <v,, ..., v,> of
/+1 points v, .., v, € R" called vertices of 7. The simplex t is non-
degenerate if its /-dimensional volume is non-zero and degenerate
otherwise. The dimension of a non-degenerate /-simplex is /. By the interior
of an /-simplex we mean its /-dimensional interior. The convex hull of a
subset of {v,, .., v,} containing m+1</+1 elements is an m-face of z.
Thus, an m-face is itself an m-simplex. An (£ — 1)-face of 7 is also called a
facet of 7, and any 1-face of 7 is also called an edge of 7. Note that the only
/-face of 7 is 7 itself, and the vertices of t are its O-faces. (We identify a
vertex v and its convex hull {v}.)

Denote by 7, the set of all /-faces of the simplices in 4 (£ =0,..,n—1)
and set

n
7= 7.
/=0

where 7, := A. We will also use notation ¥ :=9,, § .=, and & =7, _,
for the sets of all vertices, edges and facets of 4, respectively. The star of
a simplex t€.7, denoted by star (7), is the union of all n-simplices 7T € 4
containing 7, i.e.,

star(r)= ) T.
Ted
=T

In particular, star(7) =T for each T e 4.

Furthermore, given t€J,, /<n—1, we denote by (r) the linear
manifold in R” parallel to the affine span aff(r) of ¢ and by (7)* the
orthogonal complement of (z) in R” Note that dim(z)*=n—7/. In
particular, (v)* =R" for all ve ¥".

Let t=<vgy,..,v,0€T,, {<n—1, and let we¥" be such that 7' =
(T, w) :=<{ Vg, oy Uy, WY s in F, . Since dim(7)*=n—¢ and dim(z’) =
/+1, the linear manifold (7)* n(7’) has dimension 1. Moreover, since
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aff(7) has codimension 1 as an affine subspace of aff(z’), it defines two half-
spaces of aff(z’), and there is a unique unit vector in (7)* N (z’) pointing
into the half-space of aff(z') containing w. We denote this unit vector by

Oc
If v is a vertex in 77, then o, ,, is obviously the unit vector in the direction
of the edge <v,w). If wy, ., w,, €7 and T=<1,w, ., w,,» isin I, ,,
{ +m<n, then we set

0(7,7) = (T s o O )-

m

2.3. Nodal Functionals

Given 0 =(0y4, ..., 0,,) a linearly independent sequence of unit vectors in
R”, and a = (ay, ..., a,,) € Z™ , let D% denote the partial derivative

o . ___ o ,
D3 :=D3 --- Dy,
where D, is the derivative in the direction o;,
1

D, f(x):= lim t7'{f(x+0;t) = f(x)},

t— +0

for a differentiable f. By a nodal functional we mean any linear functional
on &7 (4) of the form n=4, D%, where x is a point in £, and J, is the
point-evaluation functional,

O fi= f(x).

We denote by

qn)=la| :== Y a;<r (2.5)

the order of y. Given se ¥’(4), the partial derivative D%s is continuous
everywhere in Q if || <r, and piecewise continuous if |«| >r. In this last
case we have to choose an n-simplex 7 € 4, with x € T, and apply our func-
tional to s|,. The following situation is of special interest since, for it, a
natural choice for T exists. Assume that for some t€.7 we have x et and
x+eo;et, i=1,..,m, if >0 is small enough. Then J, D%s| is the same
for all Te 4 such that 1< T. We will choose T in this way whenever the
above situation occurs.
We will often use the following simple lemma.
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LEMMA 2.6. Let L be a linear manifold in R”, dim L=m <n, and let
o=(04, .., 0,) be a basis of L, where 74, ..., ,, € L are unit vectors. Suppose
that all components of 6 = (64, ..., 6,,) are also some unit vectors in L. Then
Jor any a.e 7™ there exist real coefficients cg such that

Di= Y c¢zDE.
Bezm
161 = lod

Proof. Since o is a basis for L, there are real coefficients a; such that
m
6,= ) a;o; i=1,..,m.

Therefore,

and

m o m %,
D;:(Z aljDaj> <Z amjDO'j> N
J J

=1
where a = (ay, ..., 2,,). |

2.4, Polynomial Unisolvent Sets

Let 7 be a non-degenerate /-simplex in R”. We set
I (7):={pl,: pell’}, m=—1,0,1,2, ..,

where /17 is the space of all n-variate polynomials of total degree at most
m, m=0,1,2, .., and I1" | :={0}. By a change of variables, the elements
of IT7(t) may be considered as /-variate polynomials of total degree at
most m defined on 7. In particular, dim 17 (t) =dim I77,=(“}™), m=0, 1,
2, .., dim IT” |(t)=0. A finite set Z <7 is said to be IT7 -unisolvent if for
any real a,, £ € 5, there exists a unique p € I1,,(7) such that p(¢) = a, for all
& e Z. Obviously, the number of elements in any /77 -unisolvent set is equal
to the dimension of I77,.

As a well known example of a I17 -unisolvent set we mention the set of
(“%™) uniformly distributed points in the /-simplex 7 = {vg, ..., v,),

Ugg+ -+ + Uy,

E,(0):= {é:é= , where ip+ -+ +i;=m}. (2.6)
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Moreover, its subsets

(831}

kr):i={¢eE (1):i,>k, j=0,.,/}, O0<k<——, (2.7

are examples of 17, _, ., -unisolvent sets in the interior of .
The following technical lemma will be very useful later.

LemMaA 2.7. Let p<II,(7) and 0 <k <%;{. Suppose that

(1) for each facet ' of t,

3. Dk 0 =0, all xet, kK'=0,..k,

—

(2) for some IT}, _ ;. 1y, 1 -unisolvent set = in the interior of t,
oep =0, all teZ.

Then p=0.

Proof. Let 7, .., 7, be all facets of 7. For each 7;, let p, be a linear
n-variate polynomial such that p;|. =0 and p;|, #0. It follows from (1)
that

£+1
p:ﬁ l_[ (pi|r)k+1’
i=1

where p is a polynomial in Hi_(kﬂwﬂ)(r). Since p;, i=1,..,/+1, do
not vanish in the interior of 7, (2) implies that p(&)=0 for all (e Z.
Therefore, p=0, and hence p=0. ||

3. A NODAL DETERMINING SET FOR %7(4)

Suppose r =1 and d>=r2"+ 1. We now associate with each t€ 7 a set
A, of nodal functionals on ¥%(4). First, let v be a vertex in ¥" = 7,. For
each n-simplex T € 4 containing v we define

N o T):={0, D%, ry: €l , |a| =q}, 0<g<r2nt,

> q

yon—1

NAT)i= ) A, (T).
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Moreover, we set
rzn—l
Nogi= U M (1), Nyi= U A= U MAT).

Teda qg=0 Ted
veT veT

Suppose now 7€ 7, for some /€ {1, ..,n—1}. Foreach 0 <g<r2"~7~",
let =, beall /f , -unisolvent set in the interior of 7, where
’ s q

,u,,q::d—q—(r2”_”—q+1)(/—1—1). (3.1)
Given any n-simplex T e 4 containing 7, we define for each e X, ,,
Nz q. o T) = {0¢ D3 1y aeZ""", la| =q}.

Moreover, we set

rzn—/—l
NAT) = U U ‘/Vr,q,é(T)’ ‘/Vf,q,ézz U ‘/Vr,q,i(T)’
=0 <feZ , TeAd
T
yon—¢—1
Nogi= U Mo M= U A= U M)
CeE q=0 Ted
1T
Finally, for each Te 4 =7, we define

Npi={0g: L€y},

where E7is a IT};_, . 1), -unisolvent set in the interior of 7.

Note that in general the sets .4, , (7)) are not mutually disjoint for dif-
ferent 7' containing 7. For example, let 1=<vy, ..., v,_,» €7, _,, and sup-
pose that both 7= {7, u, w) and 7=z, u, W) are in 4. Then the nodal
functional o, D"“1 belongs to A, 1. AT) AN, 41, ,:(T) On the other
hand, if an »n- 51mplex Tedis ﬁxed then the sets .4, , (T) are mutually
disjoint for all 7, ¢, .

THEOREM 3.1. The set

is a determining set for 7(4).
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Proof. Let se &"(A) satisfy ns =0 for all ne .4/". We have to show that
s=0. To this end we choose an arbitrary 7€ 4 and show that s|;=0. For
each vertex v of 7, the set

Ny

v

(T)={0, D%, el , o] <r2"~'}
is included in /. Since o(v, T') is a basis of R”, we have by Lemma 2.6,
0, D%s| =0, all aez”, o] <2771,

for any sequence ¢ of unit vectors.
For /=0, ..,n—1, we now show by induction that for each /-face t of
T, if the components of ¢ are some unit vectors in ()%, then

6, D%s| =0, all xer,aez”’, o] <27 =471 (3.2)

The validity of (3.2) for /=0 is shown above. Suppose 1 </ <n—1. Let
aeZ"~ 7, |a| =¢q, with 1 <g<r2"~7~'. In view of Lemma 2.6, it suffices to
prove (3.2) for o=a(7, T). We have p:=Dj rs|lrell;_, and p| €
5 ,(7)- By the induction hypothesis, for each facet 7’ of =,

5x DZ(-:’,-;)p'-g:O, all xe‘[” q’=0’ .y rznft’_q‘

Since the nodal functionals é: D, 1), ¢ € &, ,, are included in NY(T) =N,
we have in addition
oepl. =0, all ez, ,.

—

Since = is Hi/ -unisolvent, Lemma 2.7 implies that p|, =0, which

. q
confirms (3.2).
In particular, (3.2) holds for each facet F of T, i.e.,
0,D% k. 1)s|7=0, all xeF, ¢g=0,..r.
Since A7 is included in /", we have in addition

08| 7=0, all feZ;.

SinF:e Ep 18 Il (4 )4 y-unisolvent, Lemma 2.7 implies that s|7=0,
which completes the proof.

THEOREM 3.2. For each Te A, let

Ty=tpo' U U T,

=0 1eT/T)
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where T,(T) denotes the set of all /-faces of T. Then N (T) is a minimal
determining set for I17.

Proof. 1t is easy to see that the set of nodal functionals A4(T) is the
same, whatever the triangulation A containing 7 may be. If we take
A={T}, then obviously &7(4)=1II"; and A" = A'(T). Therefore, A'(T) is
a determining set for /77 by Theorem 3.1. It thus remains to show that
# A (T)=dim I1%=("79). We have

n—1
#N(T)=#Np+ Y #M(T)+ Y, Y #N(T).
veTy(T) ¢=1 teT«T)
It is easy to see that
n+d—(r+1)(n+1
#MF( (r+ 1) >>’
n
ron—1 -1
—1 2"
g =3 ("IN (TTE) venm,
o\ n—1 n
q
r2n—/—1
_ {+u, ><n—/—1+q>
NAT)= e
#AN(T) EO < 4 n—(—1 )
1€ 7,(T), I</<n—1,

where u, , is defined in (3.1).
We now consider the set

Z:={aeZ"}": |a| =d}.

Obviously, #Z=("}7). Therefore, the theorem will be established if we
show that

#Z=#N(T). (3.3)

For any nonempty subset I of {1, ..,n+ 1}, let

Z,:={oceZ:Zoci>dr2”_"_l}, it /:=#I-1<n,

iel

Z,nsy =2,
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Z{l} :=Z{i}5 i=1,...,n+1,

ZI::ZI\U ZI\{I'}? #122

iel

Taking into account the assumption d>r2"+ 1, it is not difficult to see
that Z is a disjoint union of the sets Z;. Hence,

#Z=1y Y #Z,.

=0 #I=(+1

We have
- n+1
2, ns1) ={oceZ: D oc,-<dr,j=1,...,n+l}
(o

={aeZ" " |a|=d, a,zr+1,j=1,.,n+1},
and it follows that

n+d—(r+1)(n+1)
n

#Z{l,...,n+l}=< >=#JVT-

Furthermore, for each i=1, .., n+ 1, we have
Z{i} ={aeZ"*" :|a|=d, o;=d—r2"""},
so that #Z, =("*"?""), and hence
nelo n+r2"!
Y #Zy=(n+1) . = Y #HT).
i=1 ve Iy(T)
Let now I {1,..,n+1}, /:= #I—1<n. Then

Z,={oceZ: Yoa=d—r2t07 Y oc,.<d—r2"f,jel}

iel ieI\{j}

pon—¢—1
= U {oceZ: Y oy=d—gq, ocj>r2”_”—q+l,jel}.

qg=0 iel
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A standard combinatorial argument shows that the cardinality of the set

{oceZ: Y a,=d—gq, ocj>r2"_/—q+1,jel}

iel

is (7 F#ea) (" 77 114). Since the number of subsets 7 of {1, ..., n+ 1} consist-

ing of /+ 1 elements is equal to (%7 ]) = #7,(T), we conclude that

SN #Z,= Y #MN(T), (=1,.,n—L

#I=¢4+1 1€ T4/T)
Thus, (3.3) holds, and the proof is complete. |

Theorem 3.2 shows that the set 4" (T) defines a Hermite interpolation
operator Hy: C™"(T)— IT% as follows. Given fe C™> (T), let #;.f be
the unique polynomial in 77 satisfying

nHy [ =nf, all ne A (T). (3.4)

Obviously, this is a standard finite-element interpolation scheme, see e.g.
[24, 30].

The following estimation of the norm of #; f in the case of uniformly
distributed points easily follows from the general results given in [ 13]; see
also the proof of Lemma 3.9 in [ 16].

LEmMmA 3.3. Choose

B =57 70 all 1e7,,1<(<n—1,0<q<r2"'7", )
- (3.5
Ep=5", all TeT,,
where z:’fn are defined in (2.7). Then
|‘%TfHLoo(T><K”glJ§(XT) hg" nfl, (3.6)

where hy is the diameter of T, q(n) is the order of the nodal functional n, and
K is a constant depending only on n, r and d.

4. SMOOTHNESS CONDITIONS

As shown in the previous section, 4" < ¥%(4)* is a determining set for
S"(4). Therefore, 4" is a spanning set for #7(4)*. However, as we will
see, there are some linear dependencies between the elements of ./, called
nodal smoothness conditions. Our next task is to describe these conditions.
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Let 1€, for some 0</<n—1, and let F={t,uy,..,u,_,_10€7,_,
be an interior facet of A attached to 7. Then there are exactly two
n-simplices 7T,, T,€A sharing the facet F. Let T,=<{F,u,_,»,
T,=<F,w). Since the components of

0'(7:’ Tl) = (Jr, ups JT, “n—/)

form a basis for (7)*, and since o, ,, also lies in (7)™, there exists u e R" 7,
= ({15 s ln_,), such that

n—<¢
Jr,w = Z iuio-‘r, u;*
i=1

LEmMMA 4.1. If se 7(A), then for all Eet, aeZ” " and 0 <1 <,

« . 1Bl «
65 Dd(r, F) Dgz’ws = Z < ﬂ ,uﬂ 55 Do’(r,F) Dg(r, TI)S, (41)
pez'y’
1Bl =71
where (1) =1V By! - Bu_ sty =l - iy
Proof. Let py:=s|7, pr:=s|r,and 0;:=0,,,i=1,..n—/. We have

n—<¢ r
d¢ D3, r) Diwlh =0:D3. F) < Z ﬂiDa,.> P

i=1

a | Bl
=5fD0'(r,F)< > < ﬂ'BDgi"'DzﬁrZ:i 14

pezi \ B
1Bl=r
1Bl
:p ;_{<ﬁ iuﬁé-sz(f,F) Dg(r, P1-
ez’
1Bl=71

Since se C"(T, U T,) and ' <7,
D;’T Wpl(x):D’a; _Pa(x), all xeF=T,nT,.
Therefore,
0 D3 py D;;, L1= 0 D3 py D;ﬁ P2
for all £ € F, in particular for & e 7. Thus,
0. D% D" = ) Al 85, D> D? (4.2)
&~ o(z, F) o, Wp2 - ﬂ M & o(r, F) ~o(z, Tl)pl . .

ez’
1Bl =r
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Finally, we note that
o o _ Ny o B — N7
Do‘(T,F) DO'T,W_DO'(‘L', T,)° Da’(r,F) Da(r, T])_Da(r, Ty)° (43)

where y = (oty, o, tty_y_1, 1), F=(y + 1, sy 1+ Pu_s_1, Pu_r), and
the observation that by definition

de D7, )5 = o D, T)P2> d¢ D7, s = de D7, HP1

(see Section 2.3) completes the proof. ||

Remark 4.2. Lemma 4.1 shows that the condition (4.2) holds for all
¢et, aeZ” " and 0<r' <r if the two polynomials p, and p, defined on
T, and T,, respectively, join together with C’"-smoothness across
F=T,nT,. It is not difficult to see that the converse is also true. Note
that for 7€ 7,, Lemma 4.1 as well as its converse were given (in a slightly
different form) in Theorem4.1.2 of [11], and (in the bivariate case)
in [16].

We now concentrate on the conditions (4.1) that involve the nodal func-
tionals in the set .4 defined in Section 3. Namely, Lemma 4.1 implies that
the following linear relations between the elements of ./ hold:

(1) givenve Jyand 0 <g<r2""', the system %, , of linear conditions

o r |ﬁ| o«
(Sv Da(u, F) Dav, " = Z < ﬁ /,Lﬂ 50 Do'(u, F) Dg(v, Tl)’ (44)
ﬂEZ’:_
sl =r
for all 0<r <min{r, ¢}, all aeZ” ", with |a|=¢g—r, and all interior
facets Fe Z,_, such that veF,
(2) given te 7, (where 1 </<n—2),0<q<r2"’"',and ez, ,,
the system #, , . of linear conditions

o r |ﬁ| o
55 Da(r, F) Do'z’ w = Z < ﬂ ,uﬁ 55 Do.(.[’ F) Dg(r, 7))’ (45)

ez’
1Bl =r
for all 0 </ <min{r, ¢}, all xe Z"~*~"', with |a| =¢—r/, and all interior
facets Fe 7,_, such that 7 = F, and
(3) given an interior facet Fe .7, _;,0<¢<r, and € 5 ,, the linear
condition %y, , .,

3e DL =(—1)70 DYy 1), (4.6)

(Here and above w, T, and u; correspond to a particular F and are defined
as in Lemma 4.1.)
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Remark 4.3. In view of (4.3) it is easy to see that the smoothness condi-
tions in %, ,, A, 4 ¢ OF Af, : involve only the nodal functionals in .47 ,,
Ny ge O N, e, tespectively. (See the definition of the sets of nodal

functionals .4, , and ./, , . in Section 3.)

Let
ron—1
Ry= ) R, ve T,
g=0
r2n—¢’—l
R, .= U R, R,y = U R, g, €7, 1</<n—1.
qg=0 éeERq
(4.7)
THEOREM 4.4. The set
R = U R, (4.8)

teT\T,
is a complete system of linear relations for N~ over &7 (A).

Proof. By Theorem 3.1, A" is a determining set for #/;(4). Suppose the
system Z is written as

c; m;=0, iel
Z 1,]7/]

jeJ

where 1, J are some index sets, {#;},.,=.4", and ¢, ; real coefficients. Let
a;, jeJ, be any real numbers satisfying

Y ¢ 4;=0, i€l

jeJ

According to Definition 2.2, we have to show that there exists a spline
se S (A4) such that 7,5 =a; for all jeJ. We first construct the polynomial
pieces of s, pr=s5|7, T€ 4, as follows. By Theorem 3.2, A(T') is a minimal

determining set for I7%. We define p, to be the unique polynomial in I77%
such that

npr=a;, all n; e A(T).

We thus have to prove that p;, T € 4, join together with C”"-smoothness.
To this end it suffices to consider two n-simplices 7, T, € 4 sharing a facet
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Fe7,_, and show that the two polynomials p, :=pz, and p,:=py, join
with C"-smoothness across F. This, in turn, will follow if we show that

Oy DZF W(Pz—[h):(), all xefF, r=0,.,r (4.9)

where w is the vertex of T, not lying in F. (That is, T, = {F, w).)
We first prove by induction on ¢/ that for each /-face 7 of F,
/=0,.,n—2,andforall ¥ =0, .., r,and xe Z" /!, with |a| <r2" /"1 -7,

0x Dy k) D;’L (p2—p1)=0, all xer. (4.10)

Let /=0, and let v be a vertex of F. Given ' =0, ... r and a € Z"~ !, with
|| <727 =" —#', the functional #, :=0J, D, r D, is in A(T,). Hence,
n;,P>=4a;,. Let us compute 7, p,. We set My =0, D‘;‘(U,F)Dg(v, ) e N (Ty),
|p| =r'. By (4.4), the equation

1Bl
M= X <ﬂ #n;,=0
pez”,
1Bl =7

belongs to #. Therefore,
1Bl
ajo_ Z ( ﬂ ﬂpajﬂzo'
pez”,
1Bl =7

On the other hand, since 1, e N (T,), we have nj,p1=a and it follows

j,g’
that

1Bl 1Bl
nPi= 2. < wWnypi= Y wa; =a;.
pez”, [’) pez”, ﬁ
1Bl =r 1Bl=r

Thus, #;(p>— p1) =0, which confirms (4.10) for £/ =0.
Suppose 1 </ <n—2, and let 7 be and /-face of F. Given ' =0, ..., r and
aeZ"~ 7! with |a| <r2"~“~'—7, consider

pi=D% 5 Dl (p2—po)l el (1),

where ¢ := || +1'. Let us show that for each facet 7’ of 1,

0. D% ,p=0, all xet, ¢'=0,.,r2"""—q. (4.11)
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Since the components of (7', 7) and o(z, F) form a basis for (t')* N (F),
we have by Lemma 2.6, that

q o = - D?
Do‘(r', 7) Do‘(‘r, F) ™ z C}’ Da(r', F)*
yezn—/
[yl =lal +4"

Moreover, since o, ,, €(7)

z Z CV,FDJ(T’,F) Dan/w'
F=0 yez"*
Iyl =r—F

Therefore, we have for xe ',

Oy Da(-r P = 0 Do’(r T)DZ(T,F)DZLW(PZ_pl)

22 Z Z €,C5 704 Dzyy(t F)Dr ( 2= DP1)-
F=0 yez"n—* jezn—*
l=lal+q" 171=r'—7
By the induction hypothesis, every term in this last sum is zero (since
F<rand |y|+ 7| +7=|a| +¢ +r=q+q <r2""7), and (4.11) follows. We
show now that

S.p=0, all ceZz, (4.12)

where =, , is a Hi/ q-unisolvent set in the interior of 7 as defined in
Section 3. Let ¢e &, , be given. Similar to the proof in case /=0, we set

o 255 0(‘[ F)Dr EJV(TZ) n]ﬁzéfDZ'(r,f)Da(rT)e‘/V(Tl) |ﬁ|=}”.
By (4.5), the equatlon

|ﬂ|> .
njo—ﬂ%f( 5 )1, =0
1Bl =7

belongs to #. Hence, we get

e, 3 (Dune, 3 ()

ez’ pez’y’
1Bl =r 18l =r
= Jo = ”j0p2a

and (4.12) is proved. In view of (4.11) and (4.12), we conclude by
Lemma 2.7 that p =0, which establishes (4.10).
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To prove (4.9) for any given ' =0, ..., r, we set

p=D, (pa—p)lrelly,.
Analysis similar to the above shows that by (4.10) it follows that for each
facet 7 of F,

0, D pmp=0, all xer,¢=0,..,2r—r'.

Furthermore, given {€Zp ., the nodal functionals 7, :=J, D;'( £ and
1y, =0¢ D;’FW are in A (T;) and A"(T,), respectively. By (4.6),

5: D:_’sz ( —l)r, 66 Dra,(F’ Tl)’
and hence
Sep=n,p2— (= 1) n;p1=a,—(—1)"a;, =0.

Thus, Lemma 2.7 implies that p =0, which establishes (4.9) and completes
the proof of the theorem. ||

5. CONSTRUCTION OF A LOCAL BASIS FOR ¥7(4)

Let d>r2"+ 1. Since /" is a determining set for &’,(4) by Theorem 3.1,
and # is a complete system of linear relations for 4" over ¥7(4) by
Theorem 4.4, Algorithm 2.4 can be applied to construct a basis {3, .., §,,}
for #7(4). To this end we only need to choose a basis {at'l, ..., al™1} for
the null space N(C) of the corresponding matrix C. In this section we will
show how to choose the basis for N(C) so that the resulting basis for
S"(A4) is local as defined below.

Let v be a vertex of 4. We set star!(v) :=star(v), and define star’(v),
y =2, recursively as the union of the stars of the vertices in .7, N star?~!(v).

DerFINITION 5.1. Let % be a linear subspace of %7(4). A basis
{81, e 8,} for & is called local (or y-local) if there is an integer y such that
for each k=1, ..., m, supp s, —star’(v,), for some vertex v, of 4, and the
dual functionals A, ..., 4,,, defined by (2.1), can be localized in the same
sets star’(v;), ..., star’(v,), ie., for each k=1, .,m, 1, s=0 for all se ¥
satisfying sy, = 0.

We say that an algorithm produces local bases if there exists an absolute
(integer) constant y such that any basis constructed by that algorithm is at
most y-local.
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The key observation for our construction is that the matrix C of the
system Z has a block diagonal structure. More precisely, by Remark 4.3 we
have

c=[Co], (5.1)
6: dlag( Cr)reﬂ\%;

where C, is the matrix of the system %, defined in (4.7), and O is the zero
matrix corresponding to the nodal functionals in 4%, T e Z,, not involved
in any smoothness conditions. Moreover, each matrix C, itself is block
diagonal. Namely,

C,=diag(C, )g—o,..rw—rt-1» T€T, 0</<n—1, (52)

where C_, is the matrix of the system %, , defined in (4.4)—(4.7). If
1 </<n—1, then the matrix C, , is again block diagonal,

CT,‘I = dlag( Cr, q, é)éeET ’

2 q

with C, , . being the matrix of the system %, , .. By Lemma 2.3, we have

dim 7 (4)=#A4"— ) rank C,
teT\T,
yon—1
=#AN— ) Y rankC,,
ved, q=0
pon—t—1

12 Y Y rank C, .. (5.3)

1 tegy ¢g=0 feElyq

n

(NNl

’

Remark 5.2. The formula (5.3) leads to the efficient computation of the
dimension of the space .#};(4) by applying to the small matrices C, , and
C. , ¢ the standard numerical algorithms of rank determination (see e.g.

[29]).

In view of (5.1) and (5.2), N(C) is an (outer) direct sum of N(C, ,),
g=0,..,r2" 7! 17, 0</<n—1. Hence, if we know bases for

all N(C,,), then we can combine them into a basis for N(C) that
trivially extends to a basis for N(C). Let ./, ,= {71}, ,and C =

(CzL,T}q])ieI,,,,,jle,q’ so that #, , has the form

Y, clndptsd=0, el ,.

jeJT’q
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For each te 7, 0</<n—1,and ¢=0, .., r2"~‘~ 1, suppose

atv>+M = (afme ), k=1,.,m (5.4)

jEJr’q T,q°

form a basis for N(C,,). In addition, for each TeZ,, let at®%*1=

(@™ ), ;s k=1,..,myz, be any basis of R™7, where mp=#J5,=
# Np=#Z7. We define at>** = (af>+*),_;, with J=J, , /. .. by
[z g, k] if 7
gleakl._ |9 , if jeJ,,,
7 0, otherwise.

Then the vectors a'>+*, k=1,..,m,,, q¢=0,..,q,, 1€7, 0</<n,
where

_(raneTl if 0</<n—1, (55)
77710, it /=n, '
obviously form a basis for N(C). The corresponding basis
f[r’q’k], k:l’m’ mq 4> q=0, sy, TE.%, 0</<I’l, (56)
for #7,(4) produced by Algorithm 2.4 satisfies
piealgteeld —gleakl = jeJ, ., (5.7)
psleakl =, all ne N\, ,.
Denote by
ekl k=1,.,m., q=0,.,q,, 1€7, 0</<n,
(5.8)

the dual basis for &(4)* determined by the duality condition

1, if t7=1,9q=¢q¢' and k=k',

o a k15l q> K] = .
0, otherwise.

THEOREM 5.3. The basis (5.6) for S7(4), where d=r2"+1, is local.
Moreover,

supp §% 21 < star(1), (5.9)
and the dual basis (5.8) satisfies

eakls=0  forall seS7(A)  suchthat $|yum=0. (5.10)
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Proof. By (5.7) we have 73t>**1=0 for all ne #"\A; ,. Since A, , N
N(T)# & only if t< T, (5.9) follows from the fact that A4°(T) is a deter-
mining set for /17, see Theorem 3.2. To show (5.10), we consider the matrix
A with columns

atee® k=1,.,m,,, g=0,..4q,, ted,, 0</<n.
This matrix is block diagonal,

A= diag(A‘c)refs

A, =diag(4, ,) -0 T€7,, 0</<n,

s e G0

where 4, ,:=(al®**),; ., . . Let B, , be a left inverse of 4, .
Then B :=diag(B,),c,, with B, =diag(B, ,),—o, . 4> T€7s 0</<n,isa
left inverse of A. Hence, by Lemma 2.5, 2[>%*1 is a linear combination of
77][” A j€J. 4 This implies (5.10) since for every ne.fV; , we obviously

4q
have 75 =0 if §|a)=0. |

Remark 54. A similar analysis of the space ¥7(4), d=r2"+1, was
done in [2] by using Bernstein—Bézier smoothness conditions [5].
However, the existence of a local basis for .#%,(4) was shown in [2] only
for n < 3. The main advantage of the nodal techniques used here is that the
matrix C in (5.1) is block diagonal, while the matrix of Bernstein—Bézier
smoothness conditions is block triangular (see [6]).

6. A STABLE LOCAL BASIS FOR &7(4)

In this section we show that if the sets =, , and =, as well as the bases
(5.4) for N(C, ,) are properly chosen, then an appropriately renormalized
version of the local basis for S7,(4) constructed above is in addition stable.

Let us denote by w, the shape regularity constant of the triangulation 4,

h

T

w,=max —,
Ted pPr

where h; and p4 are the diameter of 7 and the diameter of its inscribed
sphere, respectively. Given M =) ;.5 T, where 4 = A, we denote by |M|
the n-dimensional volume of M.



STABLE LOCAL BASES FOR MULTIVARIATE SPLINE SPACES 289
DEerFINITION 6.1. Let % be a linear subspace of ¥/ (4). We say that a

basis {5}, ..., §,,} for & is L,-stable if there exist constants K, K, depending
only on n, r, d and w ,, such that for any a = (a,, .., a,,) € R™,

K, |af, <

m
Y, oS <K, \|“Hzp~
k=1

L(@)

To establish stability of a local basis it seems most convenient to use the
following general lemma; see also [23].

LEMMA 6.2. Let {sy, ..., 8,,} be a y-local basis for &, and let {1y, ..., .,,}
< 9* be its dual basis. Suppose that

HSkHLOO(.Q) <Cy, k=1, .. m, (6.1)
and
|es| < C, Hs”Loo(starV(vk))’ all se¥, k=1, ..,m, (6.2)

where supp s, < star’(v,) as in Definition 5.1. Then for any o = (., ..., a,,) € R™,

m

X

Xpe
k=1 [supp Sk|1/p

_ Sk
K, C; ! HO‘HJP< <K,C, H“prs I<p<oo,

L,(@)

where K., K, are some constants depending only on n, r, d, y and w 4.

Proof. Lets=3%_, o.(s/|supp s,|"?). We first prove the upper bound
in (6.3). Given an n-simplex 7€ 4, we have by (6.1)

l/p
<Z Iaklp> . i 1<p<o,
HS|THLP(T)<Cl(#ET)l_l/p kezp

max o |, if p=oo,
keXr

where
Xr:={k: T<supp s;}. (6.4)

As in the bivariate case (see Lemmas 3.1 and 3.2 in [23]), it is not difficult
to show that

#{Ted: Tcstar’(v,)} <K, (6.5)
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and

star’(v ~
ax {||T(|")| :Tc stary(vk)} <K,, (6.6)
where K,, K, are some constants depending only on n, y and w,. Hence,
for 1 < p< oo we have

HSHPLP(Q)Z Z H5|T”§P(T)<K1C{7(#ZT)P_1 HO(pra
Ted

which shows that the upper bound will be established for all 1 <p< oo if
we prove that #2', is bounded by a constant depending only on n, r, d,
y and w,. To this end we note that since the basis {s, ..., 5,,} is y-local,
supp s, < star®(v), for all ke X, where v is any vertex of T. Therefore, the
set {s,:keX;} is linearly independent on star®(v), and its cardinality
# 2 r does not exceed the dimension of the space of all piecewise polynomials
of degree d on star®(v), ie., #X7<N("79), where N is the number of
n-simplices of 4 lying in star®(v). By (6.5), N is bounded by a constant
depending only on n, y and w,, and the assertion follows.
To establish the lower bound in (6.3), we obtain by (6.2),

loge| = Isupp s |7 12481 < Cy Isupp il V2 (151l Ly (starrnys k=1, s 1.
Since 5] £ starrsy) < 18]l Loo(e2y» this completes the proof in the case p = oo.

Suppose 1 <p < oo. By a Nikolskii-type inequality, see e.g. [27, p. 56], for
some n-simplex T < star’(v),

HSHLw(starV(vk)) = HS|TkHLm(Tk) <Ks |Te| 77 HS|T,C”LP(Tk)a

where K, is a constant depending only on n and d. Since supp s, <
star’(v, ), we have by (6.6),

|supp s, |

<K,.
| T | 2

Therefore,

Y a7 <RoRiCo)? Y[ sl
k=1 k=1

Ty
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We now have to bound the number of appearances of a given n-simplex 7
on the right-hand side of the above inequality. If 7} =T, then star’(v,,)
Nstar’(v,,) # . Hence, supp sy, = star”(vkl). Thus, for all £ such that
Tk = Tkl 3

supp s, < star®(vy, ).

The set {s;: T = Tkl} is linearly independent on starsy(vkl), and it can be
shown as above that its cardinality is bounded by a constant K, depending
only on n, y and w,. Therefore,

m ~
Y [ lsir<R [ 1sle,
k= T} Q

which completes the proof. |i

We are ready to formulate our main result about stability of the local
basis constructed in Section 5. For each t€.7, denote by 4, the diameter
of the set star(7). (This is compatible with the above notation /i, for
TeJ,=A4 since star(T)=T.)

THEOREM 6.3. Suppose that

(1) every E, ,, q=0,..,q,, 1€, 1</ <n (wWhere Eq:=Er if
TeJ,), is chosen to be the set of uniformly distributed points in the interior
of 7, as defined in (3.5); and

(2) for each q=0, .., q, and 1€ F,, 0 </ <n, the vectors

g, k] .4, k —
a[rq ]_(ajl;‘tq ])jeJT’qa k—l,...,m.,’q,

(6.7)
form an orthonormal basis for N(C

‘r,q)'

Let §' %% pe the local basis functions for &"(A), d=r2"+ 1, constructed
as in Section 5. Then for every 1 < p < oo, the splines

h-9|star(z)| VP §t=ekl k=1, m
qzos"'aq[a Te‘%s 0</<n’
Jform an L,-stable local basis for & 7(4).

Proof. As shown in Section 5, the splines §{=%*1 are I-local, and
supp §L=%*1 = star(z). By (6.6),

|supp 5= 2 *1| < |star(7)| < K, |supp §L= 41|,
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where K, depends only on n and w,. Hence, in view of Lemma 6.2, the
theorem will be established once we prove that

|5 e k]HLOO(Q) C,he, (6.8)
and
|A[T %klg| < Coh 77 sl ., (star(e)) » all se&(4), (6.9)

where the constants C;, C, depend only on #n, r, d and w,.

We first show (6.8). Since supp 51 %*) = star(z), we have ||3t>¢*), o
= |85 *| . (star(ey- Let T be an n-simplex in star(z), and let #; be the
Hermite interpolation operator defined in (3.4). Since §I®¢*|,.=
Hp§t= 25| we have by Lemma 3.3,

|‘§[T’q’k]|THL®(T)<K5 max h"T"’) |’7§[T’q’k]|,
ne N (T)

where K5 depends only on n, r and d. Now, by (5.7), #51>%*1=0 for all
neN(T)\AN, ,. and

,7[711] [qu]_a[qu] jEJ‘r,q'

Since the vectors al®%*, k=1,.,m,,, are orthonormal, we have

lat>%*1| < 1. Taking into account that ¢(y) = ¢ for all e .4, ,, we arrive
at the estimate

~ , !k = =
HS[Tq ]|THLOO(T)<K5hg"<KShZa

and (6.8) is proved.
By our hypotheses, the columns of the matrix

Ao g=[af"* ;) kot m (6.10)

. 4q

are orthonormal. Hence, 47 .4 18 @ left inverse of 4, ,. By Lemma 2.5 and
the proof of Theorem 5.3, it follows that the dual functional 2641 can be
computed as

Tlwa. k] _ [%a kl,lnq]
A = 2 a n;
jean

Therefore, for any se .7(4),

M[r,q,k]s| — Z a}r,q,k]n][r:q]s < #J ,Tax |}7[r q]s|
jeJT’q
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Given jeJ, ,, let T be an n-simplex such that z< T and »t*% e 4(T).
Since 77][” ] is a nodal functional of order g, we have by Markov inequality

(see, e.g. [13]),
|’7[T ads| = |77[T Dslr| <Kgpr? sl 7l cr) < Ke@bh 9 ||| 1 (star(e))s

where K is a constant depending only on n and d. Since #J = # Ny
is bounded above by a constant depending only on #n, r, d and w4, the

estimate (6.9) follows, and the proof is complete. |

It is easy to see that Theorem 6.3 remains valid for any =, , such that the
Hermite interpolation operator defined by (3.4) satisfies (3.6), and for any
choice of the bases (6.7) for N(C, ,) such that the condition number of the
matrix (6.10) is bounded by a constant K depending only on n, r, d and
w4; compare [6]. However, there is a good reason to prefer, at least in
practice, an orthonormal basis for N(C, ,), as explained in the following
remark.

Remark 6.4. There is a numerically efficient way to compute an ortho-
normal basis a'>%*1 = (a[>%*),_, ;o k=1,..m_,, for each N(C_,), as
required in the above theorem. Namely, construct by an appropriate algo-
rithm a singular value decomposition C, ,= Q,XQ% of the matrix C,,,
where Q;, Qg are orthogonal matrices, and X =[ D O], D =diag(a4, ..., 7,),
with ¢,> --- 20,20 being the singular values of C, ,, see eg. [29].
Obviously, m, , is equal to the number of zero columns in X (including the
columns corresponding to zero singular values). Hence, the columns of the
matrlx [Oo1, ]T constitute an orthonormal basis for N(X). Since

C, ,0r= QLX the columns of A, , =001, q]T form the desired
orthonormal basis for N(C, ,). Thus the matrix A, .4 consists of the last
m, , columns of Qg.

7. SUPERSPLINE SPACES

In this section we construct stable local bases for the superspline sub-
spaces of #7,(4).

DeFINITION 7.1, Let p=(p.):cs\(7,_ o7, be a sequence of integers
satisfying

r<p, <2n 0 1€, 0</<n-2. (7.1)
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The linear space of splines

PP (A):={seS"(A4):sis p,-times differentiable across z,

forall te 7\(7,_, v.7,)} (7.2)

is called a superspline space.

In the limiting case p,=2""‘"! teI\(J,_,UT,), the superspline
spaces were introduced and studied in [8-11], see also [3, 4]. In par-
ticular, local bases for &7 (4), where p,=2""7""' were constructed in
[11] and [4]. For general p., but only in the bivariate case n =2, the
superspline spaces were explored in [ 22, 28 ] and, more recently, in [ 18, 19].

As we will see, our method of construction of a stable local basis can be
applied to the spaces (7.2). We first have to extend the system £ of
smoothness conditions defined in (4.4)~(4.8) to a larger system %, by
allowing a larger range of r' in (4.4) and (4.5). Namely, we include in the
extended systems @v,q and 9:?,, . ¢ all conditions (4.4) and (4.5), respec-
tively, where 0 <+’ <min{p,, ¢}. The systems %, . are not enlarged, i..,
we set By g =R g ¢

By the method of proof of Theorem 4.4 it is not difficult to establish the
following analogue of it.

THEOREM 7.2. The set R is a complete system of linear relations for N
over L7 (4).

It is easy to see that the matrix C of the system % possesses a block
diagonal structure similar to the structure of the matrix C considered in
Section 5. Therefore, all results about the dimension and the local bases
carry over to the superspline spaces. Thus, we have

dim #57(A)=#A4"— Y rank C,
e IT\T,
ran—1
=#AN =Y Y rankC,,
ved, q=0

n—1 ran—¢=1

XL oL L rankerf,

teJy q=0 feu

where C,, C’U’q and C’,’ 4 ¢ are the appropriate blocks of C. Define the
splines
§lea k1 k=1,..,m,,, q=0,..,q,, ted,, 0</<n,

(7.4)
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by the condition

vqlalt.q. k1 _ Alt q. k i
nj[:rq]s[fq ]_a]Ef‘I 1 J€J. 4
(7.5)
psteakl =0, all ne\A, ,,
where
gkl _ (alnak = 7
atee = (alee k), k=1, ., 00, , (7.6)

is a basis for N( CA'W).

THEOREM 7.3.  The splines (7.4) form a local basis for ;7 (4), where p
satisfies (7.1), and d =r2" + 1. Moreover,

supp §L= ¢ *1 < star(z), (7.7)
and the dual basis (5.8) satisfies
Aeekle—0  forall seS7(A) such that | ary=0.  (7.8)

Since (7.4) is a local basis for .#%,(4), Lemma 6.2 can be applied, and the
same argument as in the proof of Theorem 6.3 shows that the following
result holds.

THEOREM 7.4. Suppose that

(1) every E,,, q=0,..,4,, 1€, 1</ <n (where Zq4:=Er if
TeT,), is chosen to be the set of uniformly distributed points in the interior
of 7, as defined in (3.5), and

(2) for each q=0,..,q, and t1€F,, 0</<n, vectors 4L»** =

(at® q’k])je,w, k=1,..,m,,, form an orthonormal basis for N(C,,).

Let §'=%*%1 pe the local basis functions (1.4) for %7 (A), where p satisfies
(7.1), and d=r2" + 1. Then for every 1 <p < o0, the splines

h7?|star(z)| VP gtee Kl k=1, ., m,

q=03---9£]{’ Te’%s 0</<n9

Sform an L ,-stable local basis for &7 (A).
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